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Abstract 

The method of subquotients is developed and used to determine 
all finite dimensional rank 2 Nichols algebras of diagonal type over an 
arbitrary field of characteristic zero. 
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1 Introduction 

This paper is the continuation of [Sj. Let k be a field of characteristic zero, 
G an abelian group, V yT> a Yetter-Drinfel'd module, and assume that 
the braiding of V is of diagonal type. Let B(V) denote the corresponding 
Nichols algebra. Our aim is to give an answer to the following question of 
Andruskiewitsch stated in his survey |]Q. 

Question 5.40. Given a braided vector space V of diagonal type and di- 
mension 2, decide when B(V) is finite dimensional. If so, compute dimB(V), 
and give a "nice" presentation by generators and relations. 
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In the previous part we proved finite dimensionality of several rank 2 
Nichols algebras with help of Granas differential operators |3], Kharchenkos 
theory jE] and full binary trees. Here it is shown that any finite dimensional 
rank 2 Nichols algebra of diagonal type is isomorphic to one of the examples 
in 0. 

The starting point of our classification is the following observation. Under 
certain assumptions one can find elements of B(V) such that the subalgebra 
generated by them maps surjectively onto another Nichols algebra. The latter 
is called a subquotient of B(V). The existence of subquotients can be used 
in a very simple way to prove infinite dimensionality of Nichols algebras. 
For example, if there is a proper subquotient of B(V) which is isomorphic 
to B(V) or if the subquotient is infinite dimensional then B(V) is infinite 
dimensional. 

The method of subquotients presented here is applicable also for Nichols 
algebras of higher rank. However our classification method is effective only 
together with the constructive part described in [3]. The latter uses full 
binary trees which have to be generalized or replaced if the rank of the 
Nichols algebra is greater than 2. It remains a challenging problem to find 
an appropriate structure which carries sufficiently many information needed 
to prove finiteness results and to read off the algebra structure of B(V). 

The structure of the paper is as follows. First we formulate general condi- 
tions for the existence of subquotients. In order to allow an easier application 
some Corollaries are formulated. Then in Theorem the list of all finite di- 
mensional rank 2 Nichols algebras is given, this time sorted systematically 
by the entries of the braiding. The main part of this paper is devoted to 
the description of sufficiently many kinds of subquotients of B(V). In the 
last section the classification is splitted into six special cases. In each of 
them additional careful choices of subquotients are needed in order to obtain 
valuable criterions for the entries of the braiding. 

We use the notation and conventions in Section 2, which follow mainly 

m 
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2 Nichols algebras and subquotients 

Suppose that A; is a field of characteristic zero, G an abelian group, and 
V G ^yT> a finite dimensional Yetter-Drinfel'd module with completely 
reducible /cG-action. Set d := dim fc V. Let 5 : V — > kG (g> V, . : kG (g> V — > V, 
and cr G Endfc(V <g) V) denote the left coaction of kG on V, the left action 
of kG on V, and the braiding of V, respectively. Let B(V) be the Nichols 
algebra generated by V. The aim of this paper is to determine all V G IgD^P 
such that dim fc V = 2 and dim fc Z3(V) < oo. 

Let V* denote the Yetter-Drinfel'd module (left) dual to V. Then the 
vector space B(V*) <S> kG together with the product 

W ® g'){f" ® g") ■= /'(</•/") ® </</', f,f" e B(V*), g ', g " e G, 

and the coproduct 

A{f) := / <g> 1 + Z%) := 5 ® <7, feV*,geG, 

is a Hopf algebra and will be denoted as usual by B(V*)#kG. Recall the 
following lemma from [5]. 

Lemma 1. There exists a unique action (■,■) of B(V*)#kG on B(V) 
satisfying 

(/, v) = f(v), (g, p) = g.p for f G V*,v G V, g G G, p G 
(/i/ 2 ,p) = (/i, (/ 2 ,P» for fi,f 2 G B(V*)#kG, p G 
</,PP'> = (/(i),p)(/( 2) ,p') for f G B(V*)#kG,p,p' e B(V). 

Suppose that d G N, ft G G for 1 < i < d, qij G k \ {0} for i,j G 
{1, 2, . . . , d}, and {xi | 1 < i < d} is a basis of V such that 

= g% ® %>ii gi-Xj — (jijXj. 

Such a basis always exists and is called a canonical basis of V. The algebra 
B(V) admits an Np-grading such that deg Xj = where {e^ | 1 < i < d} is 
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a basis of the N -module Nq. The corresponding Z-grading, the so called 
total grading, is defined by totdegp := J2i=i n i whenever p G B(V), degp = 
J2i=i n i e i- The Ng-grading and the left /cG-coaction on V induce a group 
homomorphism g :7h d — > G and a bicharacter ^ : Z d x ^ I; given by 

0(ei):=#, x(ei,ej) ■= (lij- 

For notational convenience we will also write g(x) and x{ x \ x ") instead of 
g(degx) and ^(dega;', degx") for homogeneous elements x,x',x" G B(V). 
Let {yj 1 1 < i < d} denote the dual basis of V*. Then one gets 

%0 = di 1 ® = Q^Vj, °(yi ® = ® (1) 

Thus for diagonal braidings the linear map i : V — > V*, := for 

1 < i < d, extends to an algebra isomorphism t : j6(V) — > jB(V*). 

The corollaries of the following lemma are our main tools in the classifi- 
cation of Nichols algebras. 

Lemma 2. Let V and W be finite dimensional Yetter-DrinfeUd modules 
of diagonal type over an abelian group G and H , respectively. Set d v : = 
dinifc V and dw '■= dim^ W. Fix a canonical basis {wi | 1 < % < dw} of W 
and elements hi G H, 1 < i < dw, such that S(wi) = hi <E> Wi. Further, let 
V C B(V) and Wq C B(W) be Yetter-DrinfeUd submodules of dimension 
n < oo. Let A and B denote the subalgebras of B(V) and B(W) generated 
by Vq and Wq, respectively. Choose canonical bases {v® | 1 < % < n} and 
{w^ | 1 < i < n} ofV and W , respectively. Suppose that 

• (i(wi), B) C B whenever 1 < i < dw, 

• there exists a Z-grading deg of B(V) such that the elements v® are 
homogeneous with respect to deg and deg (f l °) > for 1 < i < n, 

• there exist algebra automorphisms aii G Autk(A), and k-linear maps 
Yi : A -> A, 1 < % < d w , and (f : Vi -> 5 w/iere Vi := F(V ) F 
denotes the unital k-subalgebra of Endk(A) generated by {F 1 1 < i < 
c?vf}, satisfying the following properties. 
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— For 1 < i < dw there exist n; G N such that the maps a>i and Y { are 
homogeneous of degree and —n^ with respect to deg , respectively, 

— Yi(ab) = Yi(a)b + ai(a)Yi(b) for all a,b G A and 1 < i < dw, 

— (po(Vj) = w°j, y?o(tti(^°)) = K 1 .™® for\<i<d w and 1 < j < n, 

— 9? (^i( a )) — ( L ( w i), Vo( a )) f or all a G Vi and 1 < i < d w . 

Then there exists a unique surjective k-algebra homomorphism <p : A — > B 
such that ip \ Vl — ip . 

Proof. Since {v® | 1 < % < n} and {w® | 1 < i < n} generate A and B, 
respectively, and y?(X°) = w®, surjectivity and uniqueness of ip is clear. To 
prove existence one has to show that 

a '■= E ^m,i 1 i 2 ...i m Vi 1 vl 2 • • -V® m = 0, \m,hi 2 ...i m G k (*) 

meNo,l<ii <n 

E W^-im^Ma • • • W L = °- 

meN ,l<ii,i2, ...,i m <n 

This can be done by induction over deg (a). Let Q m denote the set of homo- 
geneous elements of A of degree m with respect to deg . Since deg (t>°) > 
one has Go = kl and Q m = {0} for m < 0. Thus the assertion (*) holds for 
a G Q m , m < 0. Suppose now that j G No and (*) holds for all a G Q m , 
m < j. Then for arbitrary a G Gj+i we have to show that (i(wi),d) = 
for 1 < % < d w where ~a := £ ro6Noi i< il)i2) ..., im < n A m ,M 2 ...* m << • One 
computes 

TO — 1 



1=0 

m—1 

= E • • • ^ Vo(^(<JM< 2 • • • <J = rW« ■ ••<.))■ 



1=0 



Here the last two equations are valid because of the induction hypothesis and 
the assumption on the degrees of Yj and ctj. Now a = implies Yi(a) = for 
1 < i < dw and hence (i{wi), a) = 0. ■ 
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Corollary 3. In the setting of Lemma\^ suppose additionally that V = W 
and A is a proper subspace of B. Then B and hence B(V) are infinite 
dimensional vector spaces. 

Let B{V) + denote the unique maximal ideal of B(V). 

Corollary 4. Let V be a Yetter-DrinfeVd module of diagonal type and 
W C B(V) + an n-dimensional Yetter-Drinfel'd submodule where n 6 No. 
Choose a canonical basis {wi | 1 < i < n} ofW and let A denote the subalge- 
bra of B(V) generated by W . If there exist Aj G A;\ {0} ; 1 < i < n, such that 
the restrictions of (t(wi), ■) onto A are skew-primitive and (i(wi), Wj) = d~ij\i 
then B(W) is a quotient algebra of A. In particular, dim^ B{W) = oo implies 
that dimfc£>(V) = oo. 

Definition 1. In the situation of Corollary^we say that B(W) is a sub- 
quotient of B(V) and write B(W)QB(V). If further W ^ and W ^ V then 
we say that B(W) is a proper subquotient of B(V) and write B{W)c\B(V). 

Proof of Corollary |3J In Lemma |21 set Vq = Wo '■= W and v® : = 

:= Wi for 1 < i < n. For the grading deg take the grading totdeg on 
B{V). Further, set := h~ l .{■) and Yi := A~ 1 (i(wj), •). Then LemmaElgives 
a surjective algebra homomorphism tp : A — > B(W) extending the identity 
<p = id : W -> W. m 

3 The main result 

From now on consider only the case where dim^ V = 2. For n G N, n > 2 let 
R n denote the subset of k consisting of the primitive n th roots of unity The 
following theorem is the main result of this paper. 

Theorem 5. Let k be a field of characteristic zero and G an abelian 
group. Let V G \%yD be a Yetter-DrinfeVd module with dim^ V = 2 and 
completely reducible kG-action. Assume that the Nichols algebra B(V) is 
finite dimensional. Then there exists a canonical basis B of V such that the 
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entries of the matrix (?ij)»j'=i,2 of the braiding ofV with respect to B satisfy 

912921 = 1 or q 12 q 21 q 22 = I or q 22 = -1 or q 22 G R 3 . 
More precisely, B can be chosen such that one of the following holds. 

1- 912921 = 1 and 911,922 G U^ =2 R n . 

2- // 912921 7^ !; 912921922 = 1- 

• 9n9i292i = 1, 912921 e U^° =2J R n . 

• 9n = -1, 9i292i e U^° =3J R n . 

• 9n G i? 37 912921 e U^° =2J R„ 7 9n9i292i 7^ 1- 

• 9n e U^° =4J R n , 912921 e {9ri 2 ,9n 3 }- 

• 912921 £ #8, 9n = (9i292i) 2 - 

• 912921 e #24, 9n = (9i292i) 6 - 

• 912921 e #30, 9n = (9i292i) 12 - 

& 912921 7^ !; 911912921 7^ 1, 9l292l922 7^ 1, 922 = -1, 9ll G #2 U R 3 : 

• 9n = -l, 9i292i e u^ =3 i? n . 

• 9n G #3, 912921 e {9n, -9n}- 

• 9o := 9n9i292i e -R12, 9n = 9o- 

• 912921 £ -R12, 9n = -(9i292i) 2 - 

• 912921 e R9, 9n = (9i292i) -3 - 

• 912921 £ #24, 9n = -(9i292i) 4 - 

• 912921 e -R30, 9n = -(9i292i) 5 - 

// 912921 7^ !; 911912921 7^ 9l292l922 7^ 1; 922 = ~1, 9ll ^2 U #3 ■ 

• 9n G U^° =5 i?„ 7 912921 = 9n 2 - 

• 9n G -R5 U i?8 U i?i2 U i2 i4 U #20, 9i292i = 9n 3 - 



• qu E Rio U R 18 , q 12 q 21 = qu- 

• qu e Ru u R 2i , gi2?2i = g n 5 - 

• gi2fei e i? 8 , 9n = (gi2g2i)~ 2 - 

• <?i2<?2i e i?i2, gu = (<?i2<?2i;r 3 - 

• 9l2?21 e #20; <?11 = (fefe)" 4 - 

• <?12<?21 e #30, gil = (<?12<?2l)~ 6 - 

5- Ifqnq21 ^ 1; <?11<?12<?21 7^ 1; 4^2^22 ^ 1 , Qll 122 € R 3 : 

• go := gngi2<?2i e -R12, gu = g^ g22 = -g 2 - 

• gi2g2i e -Ri 2; gu = g22 = -(gi2g2i) 2 - 

• gi2g2i e -R24, gu = (gi2g2i)~ 6 , g22 = (gi2g2i)~ 8 - 

• gu g -Ris, gi2g2i = g n 2 ; g22 = -gu- 

• gu e #30, gi2g2i = g n 3 , g22 = -gfi- 

Remark. The list of Nichols algebras given in Theorem |5] coincides with 
the one of Theorem 4]. Here the examples are sorted systematically by 
their structure constants whereas in jSJ Theorem 4] they are listed by their 
tree types. Therefore the Nichols algebras given in Theorem |3] are precisely 
all finite dimensional rank two Nichols algebras of diagonal type over the 
field k. u 

4 Construction of subquotients 

As in Section El let {xi,x 2 } denote a canonical basis of V. In this paper we 
want to classify all Nichols algebras B(V) satisfying 

dim fc B(V) < 00. (AO) 
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To do so we determine the necessary additional conditions for the structure 
constants g^-, i,j G {1,2}. 



4.1 The results in this subsection essentially coincide with the assertion of 
Lemma 3.7 in 

Note that (y^ x™) = ^2^=0 X T~ X an d the characteristic of k is zero. 
Thus assumption (AO) implies that 

oo 

911,922 t |J Rn- (Al) 
n=2 

Set Xi\ := x\x 2 — 912^2^1 and y 2 \ '■= ^(^21) • Then by Equation (JTJ) and 
Lemma ^one gets 

(yi, X21) = 0, (1/2, x 2 i) = (q^ - 912)^1, (2/21, arai) = 921 1 - 9i2, 
A(V2i) = V2\ ® 1 + fi-r 1 ^ 1 ® I/21 + (1 - 9i292i ^lS^ 1 ® 2/2- 

Now if (AO) holds then a;^ = for some m G N. On the other hand 



m— 1 

(3/21,2$) = (2/21,^21) 5^(911912921922)" 

j=0 



■i^,m-i 

x 21 ■ 



Thus (AO) implies that 

00 

912921 = 1 or ^11512921922 G |J i? n . (A2) 



n=2 

Let Zo := X2, Zj+i := X\Zi — q\ x q\ 2 ZiX\, and lj := i(zi) for i G No- Set b : = 
1, &< := ni=o(l - 9li9i292i) for i G N, (0) p := 0, (i) p := E^', (O)J, := 1, 
:= (l) p (2) p • • • for 1 G N and p G fc, and Q := (i)J,/(0%(* - j%) for 
i,j G Nq, j < i. Then one can prove by induction over i that 



(Vi, Zi) = 0, (y 2 , Zi) = q 21 l bix\, (zj, z t ) = (y{y 2 , z t ) 



In 



X, 



111 



A{zi) =z i ®l + J2( l ) ^yV m 9l m 9l X ® z m (2) 

m=0 911 ° m 
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for all i,j G No with j < i. In particular, 

z i = 0&b i (iy 9ll = 0&(z i ,z i ) = 0. (3) 
Note that for all % G N one has 

%^±il - & ,Zi) x =X(^,X 1 )- 1 - (4) 

\Zi, Z{) \Zi-i,Zi-i) 

Similarly let u := £i, := UiX 2 — qn<l22 x 2 u i, an d ^« := L ( u i) f° r 

2 G No- Set c := 1 and q := n*~ (l — feto 1 ?^) f° r * e ^- Then one proves 
by induction over i that 

(yi, ^) =5a, (y2, im) =q 2 i(l - gi 2 g2ig22 1 )(0g 22 lM i-i 

for all i G No- In particular, Wj = if and only if Cj(i)" = 0. Because of the 
symmetry of the conditions for Ui = and Zj = one can choose the order 
of the basis vectors xi and X2 in such a manner that 

min{i G N | Mj = 0} < min{i G N | Zt = 0} (A3) 

whenever (AO) holds. Thus assumptions (AO) and (A3) imply that either 
zi = or z 2 = «2 = or Z2 7^ 0, i. e. 

<?12<?21 = 1 Or (l-gn<7l 2 g2l)(l+<?ll) = (l-gi2<?21<?22)(l+<?22) = Or Z 2 ^ 0. 

(A4) 

4.2 Assume that Zj 7^ for some i 6 N. To shorten notation we define 
Pi ■= x{ z hZi)~ X - By Lemma Q] and © one gets {z h zf 1 ) = (m) Pi (zj, z^zf -1 
for all m > 0. Since zf 1 = for some m G N and (zj, Zj) 7^ assumption 
(AO) implies pi 7^ 1. 

Suppose that Zj+i 7^ for some i G N. If Pi = — 1 then 

(zj-i, zf, = q^bi(i) 1 x{xxZi + x(zi-i, Z;) _1 z;Xi) = q^h(i), '-i*i+i> 

9ll 9ll 
m— 1 

(Zj+iZj_i, Z t 2m ) = (Zi,Zi) ^~^(z i+ i, x(Zj-i, Zj) ^ Z^ Z i+ iZ i ^) 

i=o 

m— 1 

= (zi, Zj)(z i+ i, Zj+i) Zi)~ 4 ^ 2(m_1) 
i=o 
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since (yi,Zi) = (y±, z i+ i) = (z i+ i,Zi) = 0. As the characteristic of k is zero 
this yields that zf m ^ for all m > 0. Therefore (AO) implies that 

ieN, p7 1 (= x ( Zh z t )) = l Zi = 0, 

(A5J 

i e N, v~i X = -1 =>• *+i = 0. 

4.3 For i E N set z iA := z i+1 Zi - x( z i+i, z i) z i z i+i, z iA := t(^,i), and 

d «,o —^(l - 5n5i292i)(i + l) g -i + - x( z i+i, Zi)- 

Then one obtains 

(Zi, Z i: i) =(Zi, Z i+ i)Zi — x{ x li z i) z i( z ii z i+l) 

+ z i+l) 1 — X{ z i+li z i)){ z i, z i) z i+l = di,o{ z i, z i) z i+l 

and hence z^-y = implies d it0 z i+ i = 0. 

Suppose now that d ij0 z i+1 ^ for some i EN and + pi + 1 = 0. Then 

(Zi-i, zf) =(Zi, Z i )(x 1 zj + X( z i-1, ZiY^ZiXxZi + x( z i-i, z i)~ 2z2 iX\) 

= (zi, Zi)(z i+1 Zi - x(xi, Zi)x(zi, Zi)ZiXiZi + x( z i-i, z i)~ 2z i x i) 

— \ z ii z i)\ z i+l z i ~ X{ z i+li z i) z i z i+l) = \ z ii z i) z i,li 



rn—1 

\ z i-\-\ z i z i—\i z i 

n ) =(zi,Zi) J2x( z i-i, z i) 3J '(zi+iZi, z i J ' z i,i z f m 1 3) ) 

3=0 

m—l 

=difi( z i, Zi] 2 x( z i z i-li z i) 3j ( z i+li z i^ z i+l z i^ ^) 
3=0 

=mdi ) o{zi, Zi) 2 (z i+ i, z i+ i)z^ ■* 

since (yi,^) = (yi,z i:1 ) = (yi, z i+1 ) = (z i: zf) = (z i+1 ,Zi) = and p? = I. 
As the characteristic of k is zero this yields that zf m ^ for all m > 0. 
Therefore using (A5) assumption (AO) implies that 

ieN, p? = 1 dj^^j+i = 0. (A6) 
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4.4 In this subsection assume only that (A5) holds. Let i e ft. If z^\ = 
then set Wi := 0. Otherwise by Equation (J3J) and (A5) one can define 

Wi .— Zi + \Zi_i — X{Zi + i, Zi_i )Zi_\Zi + i — — — — -z i . 

(2) Pi (zi,Zi) 

Set Wi := i(wi). Our aim in this subsection is to prove the following lemma. 

Lemma 6. Assume that (A5) holds and leti G N. If (z m+ iz m _i,w m ) = 
for 1 < m < i then w m = for 1 < m < i. Otherwise dim^ B(V) = oo. 

Therefore (AO) implies the condition 

Wi = for all i G N. (A7) 

In order to prove LemmaElwe can assume that Zi + \ ^ and hence z<i ^ 0. 
One obtains (yx, W{) = and 

/~ \ \ z i+li z i+l) / 2 I 2 \ 2\ 

(zi-^Wi) = — — [x^i-! - x{x 1 ,Zi^i)z i _ 1 x 1 ) 

( 2 W 



+ (z i - 1 ,z i ^ 1 )(x(z l -i,z i+1 ) 1 - x(zi+i,Zi-i))z- 

\ z i+l, Zi + i) . . . _ 1 . 

-(XiZj + X{Zi-l,Zi) ZiXi) 



i+1 



(2) 



Pi 



\Zi+li . I* \ f \— l 
r \Zi-l, Zi-i)X{Zi_i, Z i+ i) 



^n 1 



/- v / \ (Zi+l,Z i+ i)\ 
— \Zi-l, Zi-i)X\Zi+l, Zi-l) ^ J z i+1 

= (gnPi-l)^ (2) -i(2) +9i2?2i<«i-i 5 ^-i)( 1 + ?iiPi ) J z i+i- 

In particular, one gets 

/ v ?21 2 ( 1 -?12g2ig22)(l + g 2 2 1 )( 1 + ?H?1252l922) 

(?/2,Wi) = — 2a, 

1 + 9l 1912921 522 

= 0, (Wi,Wi) = (z i+1 Zi-l,Wi). 

Further, let A denote the subalgebra of B(V) generated by Wi and ^. In 
what follows for / G B(V*)#kG let / U denote the map (/, •) : A -> 
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Then (yi,A) = and hence Zj \a is skew-primitive for all j G No- Since 
(z i+ i, A) = one obtains 



A{v>i) \a®a= A(z i+1 ) ® 1 + flf} l g 2 1 ® f 



A®A 

q2ih + i(i + l)„-i 
( 2 ) b . A{zi){*i ® 1 + 9i l 92 ® 2i) U®a • 

Using Equation (J2J), the definition of ij, and the fact that y\ \a= z m \a= 
for m > i one obtains 

A(z i+ i){Zi_i <g> 1) U®A= h+lZi-l \a ®1 
^(^+l)(fl f l~*fl , 2" 1 ® U»A= (gT 2l 92 2 ® UgA, 

Z\(z;)(^ <g> 1) U®a= (4 2 ® 1 + x(^, z^Zig^g^ 1 ® z») \ a ®a, 

AizdigVg^ 1 ® U®a= (zig^g? 1 ®h + g^g^ 2 ® 4 2 ) U®a • 

These equations give that 

^(t&i) |a®a= (wi ® 1 + 9i 2t g2 2 ® Wi) \a®a ■ 

Thus t&j is a skew-primitive endomorphism of A. 

Example 1. Assume that g 2 G G, g G A;\ {0}, #i = gf|, and the braiding 

/g 4 q 2 \ 

of is given by the matrix . Further, suppose that (AO) holds. 

\Q Q J 

1. By (Al) q has to be a root of unity and g 4 7^ 1. Thus Zi 7^ 0. 

2. If g 5 = 1 and g 7^ 1 then 2 2 7^ and xi z 2, Z2) = 1 which contradicts 
(A5). Thus u 2 ^ 0. 

3. If g 4 = —1 then w 2 7^ and x( u 2,U2) = 1- One gets (yiyijU™) = 
m(yiy2,U2)u^ 1 " 1 which is a contradiction to (AO) and (yiy?,^} 7^ 0. Thus 

4. By (A5) with i — 1 one has g 9 7^ —1. 

5. If g 13 = —1 and g 7^ —1 then Zi 7^ for all i < 13. Further, one gets 
x(ze,Zo) = — 1 which is a contradiction to (A5). 



13 



6. Otherwise {y 2 ,Wi) and x 2 i are both nonzero. Set W := kwi + kx^i- By 
Corollary |U one obtains B(W)c\B(V) and the braiding of B{W) with respect 



Thus there are two possibilities. 

• There exists an infinite chain • ■ ■ cjB(K)^#(K-i)cj ■ • • B{V{)^B{V) of 
Nichols algebras where i G N, are two dimensional Yetter-Drinfel'd 
modules of diagonal type. 

• There exists a finite chain B(V n )^B(V n ^)^ ■ ■ ■ BiV^BiVo) = B(V) 
of Nichols algebras where Vi, < i < n, are two dimensional Yetter- 
Drinfel'd modules of diagonal type, and B(V n ) is infinite dimensional. 

Therefore B(V) is infinite dimensional. ■ 

Example 2. Assume that g\ G G, q G k\ {0}, g 2 = gf, and the braiding 



1. By (Al) q has to be a root of unity and q 9 ^ 1. Since q 3 ^ — 1 this 
yields z\ ^ 0. 

2. If g G i?7 then w 2 7^ and x(. u 2,u 2 ) = 1- One gets {y\y\-,u™) = 
m{yiy2,U2)u 2 n ' 1 for all m > which contradicts (AO). Hence by (jSJ) one 
obtains that z 2 ^ 0. 

3. If q G R\8 then z 3 7^ and x( z 3-> z s) = 1 which contradicts (A5). 

4. If q 15 = 1 and g 3 7^ 1 then q G -R5 U -R15. In the first case z 2 7^ 
and X^j^) = 1 which is a contradiction to (A5). In the second case 
one has Zi — if and only if i > 10. Further, x( z 2, Z 2) Z = q 75 = 1 and 
<^2,o = <?~ 3 (1 — <7 8 )(1 + Q" 1 + 9~ 2 ) 7^ 0. This is a contradiction to (A6). 

5. If q 22 = — 1 then g 2 = — 1 or q G -R44. The first case is a contradiction 
to (A2). In the second case one has Zj = if and only if i > 39. Further, 
x(z 19 ,z 19 ) = 1 which is a contradiction to (A5). 



to the basis {wi, x 2 i} of W is given by the matrix 





Further, suppose that (AO) holds and 



g 3 ^ -1. 
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6. Otherwise (y 2 , Wi) an d x 2 i are both nonzero. Set W := fciui + fca^i- 
By Corollary |U one obtains that B(W)<^\B(V) and the braiding of B(W) is 
fq m q 32 \ 

given by the matrix .By the first example dim fc B(W) = oo. 

\ q il q Lb J 

Therefore dim^ B(V) < oo implies q 3 = — 1. ■ 

We continue with the proof of Lemma El Suppose that (zi-i,Wi) ^ for 
i G N. Then one can apply Corollary 0] with W = kwi + kzi which gives 
B(W)c\B(V). By Example 1 one gets dim^ B(V) = oo. This proves the 
second part of the Lemma. 

Assume that (z m -i,w m ) = for 1 < m < i. We show by induction over 
m that w m = for 1 < m < i. Ifm = l then zq = yi and hence w\ = 0. 
Now turn to the induction step. 

We prove by induction on — n that (z n ,w m+ i) = for < n < m. 
Then the case n = proves that w m+ i = 0. By assumption (z m ,w m+ i) = 
0. If (z n+ i,w m+ i) = then (j/i, (z n , w m+ i)) = and hence there exists 
A G k such that (z n ,w m+ i) = Xz 2m+ 2-n- Thus it suffices to show that 
(z 2m +2-nZ n ,w m+1 )(= (yl m+2 ~ n y 2 z n , w m+1 )) = 0. Since n + 2<2m + 2-nit 
suffices to check that (yi +2 y 2 z n , u> m +i)(= (z n+2 z n , w m+ i)) = 0. Since n <m 
one has w n +i = and hence the latter equation follows from the hypothesis 
(z n+ i, w m+1 ) = 0. 

4.5 

Lemma 7. Assume that (A7) is satisfied. Let i,j G Mo such that Z{ ^ 
and j < i — 1. T/ien ZjZj — x(^i; z j) z j z i e Lmk{z m z i+ j^ m \ j < m < i}. 

Proof. We use induction over z — j. If z = j + 2 then the claim follows 
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from Wj + x = 0. To prove the induction step note that 

Z i+1 Zj ={%iZi - x(x 1 ,Z i )z i X 1 )z j = Xix{Zi, Zj)ZjZi 

+ terms in XiLm k {z m z i+ j_ m \ j < m < i} © kziZj + \ © kziZjXi 
=x{z i+1 ,z j )z j z i+1 + terms in Lm k {z m z i+j+1 „ m \ j < m < i + 1} 
+ terms in Lmk{z m Zi + j- m Xi \ j < m < i}. 

Since (yi,z i+ iZj) = this gives the assertion. ■ 

Corollary 8. If (A7) holds then z^\ = if and only if 'g^o^+i = 0. 

Proof. Since (yx, z iA ) = one has z^i = if and only if (zj 1 Zj 2 , z^\) = 
whenever ji,j% G No and j\ + j 2 — 2z + 1. By Lemma [7| this is equivalent 
to the fact that (%% 2 ,£i,i) = whenever ji,j2 G No, ji < ji + 1, and 
ji +32 = 2i + 1. Since (z i+ i, z itl ) = this is the same as (z i+1 Zi, z it i) = 0. ■ 

Corollary 9. If (A7) holds then zf = if and only if (2) Pi Zi = 0. 

Proof. Analogous to the proof of Corollary |HJ ■ 

4.6 In this subsection assume that (A5)-(A7) hold. Let i 6 N. If 2^1 = 
then set Si := 0. Otherwise g^o-^+i 7^ by Corollary El 7^ 1 by (A6), and 
Pi 7^ — 1 by (A5) and since z i+ i 7^ 0. Thus one can define 

_ / \ dj,o(Zi+l, Zj+i) 3 

&i • Zj. 1 2j .. ] X\Zi,l j *i— 1 ) Z%—\ /o\\ I " \ i' 

\9)'pi\ Z ii Z i) 

For j G N let X(y 1 , zj) denote the left ideal of B(V*) generated by y\ and Zj. 
Then using (j2J) direct computation shows that 

=%i ® 1 + ^(^.i) -1 © %,i + ^'+i) rf i,o%+i5'(^) _1 ® % 
+ terms in (J( yi , z 3+2 )#kG) © 

for all j G No- In this subsection the following lemma will be proved. 

Lemma 10. Assume that (A5)-(A7) hold and let ieN. If (zi iZi-i, Si) = 
t/ien Sj = 0. Otherwise (3)_ Pi = or dim fe B(V) = 00. 
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Let % E N. Without loss of generality assume that z^\ 7^ 0. By (A7) one 
has w m = for m G N. Further, Sj) = and 

(zi,Si) —(z{, Zi t i)zi-i — x(zi+i, Zi-i)Zi-i(zi, Zi t i) — difl(zi + i, Zi + i)(2) p ^zf = 0. 

By Lemma [7| one has S{ — if and only if (zj 1 Zj 2 zj, i , Si) = whenever 
ji, J2, J3 e N , ji + j 2 + J3 = 3i, and j\ < j 2 + 1 < j 3 + 2. Since s<) = 
this yields that Si = is equivalent to (zi + \ZiZi-i, s$) = 0. 

Since (Zi,Si) = and w« = one has (i^iij-i, Sj) = (z i+ iZiZi-i, s,) = 
Sj). Moreover, Equation u)j = implies that 

yiZi-i,i =(4fi + X^i, - Zi-i){zi + Zi-ijZi-iyijZi 

(z l+1 z 1+1 ) + ^ _ ^ \ ? + Zi_i,i)£_i,iyi 

=^-i,o(2)p i 1 4 2 + xO&i. «i-i,i)2i-i,i2/i (6) 

by (jlj). Clearly one gets (li_i,i, 2 t -,i) G kx\. Further, z i+ \ ^ implies that 
z 2 7^ and (2) g -i 7^ 0, and hence Equations (yi, z^\) = and (0) give 

/ ? \ —(n\-i ( n . ~ y w _ di-ifidjfijzi, Zi) (z i+1 , z i+l ) 2 

911 C 2 ) w (2j,-i 

Using (jlj) and Equations (5$, 21-1,1) = 0, (ii+i, %^i + -;? ) = for j < i, one 
gets 

/- - v / \ ^,0(^+15^+1) 3 

\*i,l*i-l> s i/ — \ ^+1^-1,1)^,1^-1 — X\ z i,li z i-l) z i-l z i,l TTTVj /- i — 2 i 

\ (3) Pl (^,^) 

— /^j+l) (^i-1,1, z i,l) z i-l + di-iflX( z i-l, z i+l) l { z ii z i,l)( z i-l, z i-l) 

difi( z i+i, Zi+i) 



(3)L 



-di~lfl( z h z i) { z i~li z i ) 



2 



z di-ifldifl(zi, Zi)(zi + i, Zi + i) 
+ x(zi-i,z i+1 ) 



(2)»(2)-i 



in 

1 \ z i-l, z i-l) 1 



(^i+1,^+1) (3)' 



17 



To prove the second statement of the lemma it suffices to show that t(sj) \a 
is skew-primitive where A denotes the subalgebra of B(V) generated by Zi 
and Si. Indeed, in this case Corollary 0] with W = kzi + ksi and Example 2 
imply the assertion since pi ^ — 1 and z\ \a is skew-primitive. 
First note that 

_ / \ / \ d>ifi{ z i+l, z i+l) 3 

s i ~ z i+l z i z i-l ~ X[ z i+li z i) z i z i+l z i-l ~ X\ z i,li z i—\) z i—\ z i,\ TTai — 7^ i — z i 

{3y p .{Zi, Zi) 

= z i+l z i-l,l + X\ z ii z i-l) z i+l z i-l z i ~ X\ Z i+li z i-l,l) z i z i-l z i+l 

\ Z )pi\ Z ii Z i) \ 6 )pi\ Z ii Z il 
= z i+l z i~l,l — X\ z i+li z i-l,l) z i-l,l z i+l 

( 1 \ 1 \ di o \ (zi+i, Zi+i) 3 

/ \ ^i-l,0\^i+l) ^i+l) 3 
— — Xv^i+l) z i-l,l) z i-l,l z i+l TTTTi i z i ■ 

Now one has (zi+i, A) = and (zi, A) C A and one computes 
A(z i+ iZi-i t i) \a®a= A(z i+ i)(zi-i t i <g> 1 + g(z i - 1A )~ 1 ® z^ 1}1 

+ Xi z i-1, 2 ; i)^i-l ) 0%(^-l) _1 ® U®A 

6- i 

Zi+iZi-iA ® 1 + + l)gu-7— 2/l^-l,lp(2i) _1 <8> Z» 

+ 2: .) 2 ^- 1 ' (z^g(zi)- 1 ®Zi + Zig(zi)- 2 ® z 2 ) J f A ®A, 

(2) K (zi,^> / 

4(zf) U»A= ^(^) 3 U®A= (4 3 ® 1 + (3) p ri^(Zi)" 1 ® *i 
+ (3) -i^flr(^)- 2 <g> 4 2 + ^(^)- 3 (8) zf) \ A ®A ■ 
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This proves that t(sj) \a is skew-primitive. 

4.7 In this subsection assume that (A5) and (A7) hold. Set 

Zi,2 '■= Zi+lZi,l — X\ z i+l, z i,l)Zi,l z i+lj * £ No- 

Using Equation (J2J) and Wi + \ = one obtains immediately the formulas 

(Zi+1, z i,2) — 0, (Zi + 2 z i, z i,2) = 0, 2^2) £ kZi + \. (7) 

For z e N set 

: = fe 1 ! 1 - ?ii9i2g2i)(i + + (2) Pi+1 (x(^,^+i) _1 - 
Then using the formulas for A(zi), A^z^x) and Equation (JHJ) one obtains that 

^(^,2) - 2j,2 ® 1 - gizi^Y 1 ® Zi,2 - x( z i,i, z i+ i)d itl z i+1 g(z iA y 1 <g> z iX 

(8) 

-X&i, Zi + i) 2 di fl d itl {2)~l +l z 2 i+1 g(zi)~~ l ® Zj 

is an element of (X(yi, z i+2 , z i+2 z i+1 )#kG) <g> B(V*). Here X(?/i, z; +2 , Zi +2 z i+ i) 
denotes the left ideal of B(V*) generated by yi, 2i +2 , and Bi+ 2 Zi+i- The 
expression (JHJ) does not make sense if (2) Pi+1 = 0. In this case z i+2 = by 
(A5) and zf +1 = by Corollary El Thus = x( x i> ^1,1)^,12/1 an d the 

formula for Z\(zj )2 ) takes the form (jHJ) without the last summand. 
Now we prove that for all « G No one has 

(Zi+lZi, Zip) = di,odi,l(ZhZi)(Zi+l,Zi+l)Zi+l- (9) 

Recall from Subsection 14. HI that (zi, 2:^1) = di,o(zi, Zi)Zi + \. Therefore one gets 

{Zi+l z i, Zip) =(ZiA, Z i+ iZ it i — X[Zi+l, Zi t i)Zi^Zi + i) 

—(zi,i, Zi t i)(x( z i t i, z i+ i) 1 — x{z%+i, Zi t i))zi + i 

+ d ifi { £j-fl, Zi+i) \Zi, Zi ; i) 
=difi(Zi, Zi)(2i + i, Zi + i)(x( z i,l, Zi+l) 1 — X{ z i+1, + ^i,o)^+l 
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which implies (jOJ. 

Lemma 11. Assume that (A5) and (A7) hold. Let i G N such that 
Zi+i 7^ 0. Then one has 

v _ I ^,0^,1(2)^+! (4^)^+1 «/Pi+i -1, 
[0 ifp i+1 = -l. 

Proof. By (J7j) one has (ij+i,^) = 0. Therefore Lemma [7| implies that 
) G Lin k {z i+ i-nZi+i+n | < n < i + 1}. Note that Zi+x+n — if and 
only if z i+ i +ri ) = 0. Further, (z i+ iZi, z i)2 ) G by Q. This together 

with Equation 

and the fact that the latter is an element of (k \ {0})z i+ ix™, implies that 
(Zi,Zi )2 ) G kzf +l . Now apply (z i+ i, ■) and use (jHJ) and Corollary^ ■ 

Corollary 12. // (A5) and (A7) hold then z i>2 = if and only if 
difidi t i{2) Pi+1 Zi + \ = 0. 

Proof. Similar to the proof of Corollary |SJ ■ 

4.8 Suppose that (A5) and (A7) hold, x{ z i,ii z i,i) = — 1 f° r some i G N , and 
Zi,2 7^ 0. Then one has (2^1,^,2) G kz i+ i and (z it i,z it2 ) 7^ by Corollary 
IT21 and Equations ((Zj) and (jUJ)- From this one gets (^,2,^,2) 7^ 0. The 
latter implies that zf™ 7^ for all m > 0. Indeed, one computes 2^} = 

difl(zi,Zi)zi t 2 and {k?Kzf£) = m(z^ 2 z h z\ x )z^~ 2 . 

4.9 To obtain sufficiently many subquotients we will need the following 
expressions. Assume again that (A5)-(A7) hold and fix i G N such that 
x{z>i,i, z it i) 7^ —1 (see also 14 .8|) and z ii2 7^ 0. Set 

1 / \ <^i,l 2 

^i,2^i — X\ z i,2i Zi)ZiZi 2 ~ ~ — ; 7 x — 7^ i 
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and ti := t(tj). Our aim is to apply Corollary H] with W = kti + kz^i. 

One has (z i+ i,ti) = 0. Let A denote the subalgebra of B(V) generated 
by the elements £, and 2^1. Equations (jSJ) and Q yield that in \a is skew- 
primitive and (z^ijti) = 0. Therefore (5^1,^4) C A. One gets {zi^,ti) = as 
well and hence z i>2 \a= by (jHJ)- 

Note that (z it i,A) C A implies Zi +m Zi + iZi |"^= Zi +m z it i \a= for m > 1. 
Therefore using the formulas for Zl(fj), and ^(^,2) one gets 

^(*») Ug>A= ^(%2)(^i ® 1 + fi^i)" 1 ® Zj) \a®A 

~ ^ — rr^(4i)(^,i ® 1 + 9{zi.i)~ l ® Zi,i) \a®a ■ 

For the summands of this expression one computes 

^(^,2)(5'(^) _1 ® U®A= ® ^,2Zi) U®A, 

^(^,l)(^,l ® !) U®A= ® 1 + XO^l, (^i.l) -1 ® U®A, 

Z\(i ii l)(5f(^ i l) _1 (g ^1) tA®A= (5'(^,l) _2 ® + (^.l) -1 ® U®A • 

Therefore Afa) U®a= (*j ® 1 + gikY 1 ® U) \ A ®A- 

To apply Corollary 0] with W = kti + fc^i one has to check the relation 
(UiU) 7^ 0. Since (i i: i,ti) = one gets (t»,£i) = (z i:2 Zi,ti). Recall that there 
exist /i m G such that (zi,Zi >m ) = fJ-mZ^ for m G {1,2}. Therefore 

(zi,ti) G ^2^2 + kzi^Zi + \ + kzizf +1 . 

Since (i it i,ti) = one obtains (ii,ti) G fczj,2- Note that 2^2 7^ implies that 
(2) p . +1 7^ by Corollary [T21 Thus using the definition of ti one gets 

(Zi,U) = (fi2 + {x{Zh Zi,2)~ l ~ X(Zi,2,Zi))(Zi,Zi) - — —r )z i;2 

V 1 + X{Zi,i, Zi,i) V 



:{Z " *> ( ,(2)— - l + xfo..,*,,)- + X<J " 2, ' 2> " X(2 - 2 ' 2, V * 



2- 
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Lemma 13. Suppose that (A5)-(A7) hold. Let i 6 N such that z^ 2 7^ 
and either x{ z i,ii z i,x) = ~ 1 or x{ z i,ii z i,i) ~ 1; { z iiU) 7^ 0. Then 
dimfc jS(V) = 00. 

Proof. If x{ z i,ii z i,i) = ~ 1 then dim fc £>(V) = 00 by Subsection 14.81 
Otherwise (zi,ti) 7^ implies that (ij, ij) 7^ and one can apply Corollary 0] 
with W = kti + kz it i. Then by Example 1 one gets dim fc = 00. ■ 



5 The classification 

The structures worked out in the previous sections are sufficient to perform 
the proposed classification of finite dimensional Nichols algebras. Thus in 
this section we generally assume that G is an abelian group, V G k k %yV 
is a two-dimensional Yetter-Drinfel'd module of diagonal type and B(V) is 
the corresponding Nichols algebra such that (AO) and (A3) hold. Suppose 
first that in (A4) we have z 2 = 0. Then by (Al) and (A2) B(V) appears in 
TheoremE^l, 2.1, 2.2, 3.1). More precisely, if qnqi 2 q 2 i = 1 and ^22 = —1 then 
first one has to exchange the variables x\ and x 2 . Thus to prove Theorem 
it remains to consider the case when z 2 7^ 0. Set a := minjz e N | Zi +2 = 0}. 
By (A7) w a has to be zero. The relations z a+2 = 0, z a+ i 7^ 0, and Equation 
© imply that (1 - q^ 1 q l2 q 2l ) (1 - q a + 2 ) = 0. If g^Vafel = 1 then 

lv \ - ( q ^ lq 22 ~ l)( z a-l, z a-l) 12/-, , -lwi -20-I- \_ 

\^o-i, «W — — — - — 3j g n g 2 i l 1 + <?22 Jl 1 + Q11 Q22) z a+i 

1 + 9ll?22 

and if g"+ 2 = 1 then 

=te 3 (gi2g 2 i)-V2 1 - i) 'i^f^t: 1 -! * 

1 + ?U (9l292l) "fe 

(gn(gi2g2i) a+1 g 2 2 + i)(i + C1 6 (feto^V^a+i- 

Therefore w a = allows only the following six possibilities. 
• <?22 = <?n + \ <7i2<?2i = gn" -1 - 
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022 = -1, 912021 = 011° *■ 



g 22 = ~q 2 n +1 , gi 2 g 2 i = 0n a 1 . 



• 0H 2 = 1, 022 = 0n(01202l)" a . 

• 0if = 1, 022 = -0 n 6 (0i202i)- a+1 . 

• qlt 2 = 1, 022 = -0u(01202l)~ a-1 - 

Note that by the definition of a we may also assume that 

^ 1 for all m G N, m < a + 2. (A8) 
In the following subsections we will analyze each case separately. 

5.1 Consider the case g 22 = 0ii~ , 012021 = 0ii a- > a > 1. Then the braiding 
is of Cartan type (cf. jSl Sect. 4]) and hence it is known for many values of 
qu that dmikBiV) < oo if and only if a < 2 (see e.g. Theorem 4.6 in jHj). 
Note that by (Al) and (A8) one has qu G W^ =a+2 R n . The settings for a = 1 
and a = 2 appear in Theorem |Sf 2. 4) up to the case a = 1, gn G -R3, which is 
a special case of Theorem |5f2.3). We prove dim^ B(V) = 00 for a > 3. 

Since x( z 2, z 2 ) = g^ 2 ( a+1 )+ a+1 = g3-a Qne g e ^. g a con t rac li c tion to (A5) if 
a = 3. 

Let a > 4. Set n := 2, t>° := z tt _i, v 2 '■— z a , w® := z 2 , w 2 '■— x%, 
deg (xi) := -2, deg (x 2 ) := 2a + 1, and 

«i := 9i a 92 1 -(-), «2 := 
*i •— r, ^2(PJ •— —p r-{z a+ ip— [g 1 g2.p)z a+ i) 

\Z a -, z a) \Za+l-,Z a +i) 

for p G B(V). One gets the formulas 

X(z a , vfy 1 =qnqi 2 = xOi, w^y 1 , x(*a, =0n = xfci, u^) -1 , 

X^a+l, U?) =0lT _1 021 2 = X(^2, W?)" 1 , X(^a+l, f 2 ) =021 1 = X^2, M^)" 1 . 
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Further, d a0 = and hence z a> \ = by Corollary |S1 Since w a = as well 
the smallest subspace of B(V) containing kv ® and kv 2 and stable under the 
action of Y\ and Y 2 is V\ :— kz a -i + kz a + kz\. Now one can check step by 
step that all assumptions of Corollary |3] are fulfilled where one has to set 
ni := 1, n 2 : = 1, and y?oOa-i) := Zjj, (po{z a ) := x u f (zl) := x\. This gives 
a contradiction to (AO). 

5.2 Assume now that gi2<?2i = <?ii a_1 an d <?22 = — 1- Then u 2 = 0, Pi = 
~Qu +1 ^ f° r au an d 

rf 2 ,o = g 2 - 1 1 (i - giT 2 )^ 2 + 1 - <?n a - ?5° + <?n 2a + 9?r 3a )- 

If a = 1 and qu G -R4 then i3(V) appears in Theorem |^2. 4). Otherwise 
a = 1 and (A8) imply that q\ x 7^ 1 and B(V) appears in Theorem 03^3.2, 4.1). 
Further, if a > 2 then (y 2 ,Wi) = and 

«*> = gA ^f+g' 1 ^ " ?u + gn 2a )(l " 9n 2 )-3. 

If a = 2 then one gets = q 2 i(l ~ Qn)(^ + + Q11) an d (2) P2 = 

1 — qfi- Thus by (A8) and Corollary 1121 one has 2^2 = if and only if 
qn G Rq U i? 8 U i?i 2 . The case gn G R$ was already considered in Subsection 
15.11 If gn G Rs U -R12 then £>(V) appears in Theorem E^4. 2). Otherwise by 
Lemma ITBI has to be zero. One computes 

(*i>*i) + 1,2 

which yields gn G -R5 U -R14 U i? 2 o- In these cases B(V) appears in Theorem 
H4.2). 

Let a > 3. Then by (A8) and Equation (z 1 ,w 2 ) = one obtains that 
(qll' 1 + l)(g^ - q u + 1) = 0. This means that if a = 3 then q u G R w U i? 18 
and if a = 4 then gn G -R14 U R 2 ^. In these cases 6(V) appears in Theorem 
E(4.3) and Theorem ED^4. 4), respectively. 
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n~ 2a _L n 2 - 3a _J_ /r 1 - 3 " _L ^r 4 - 4a W 

9n + Qu + Qu + 9n J^4- 



For g£ 



,2a- 1 




1) 



Qll (5)q u Z4, 



(Z 2 , Z 2 ) (3) ? a- 2 

(^ 3 ) _ -g 2 ~i 2 (i-gri 5 )(^r 3 -i 

(5 2) ^) (3) 9 a-2 



1) 



(l + g -2)(l-^ r)z4; 



respectively. In both cases (A8) implies that (z 2 , w^) 7^ which is a contra- 
diction to (A7). 

5.3 In this subsection we consider the case gi 2 g 2 i = Qii 1 , Q22 = —Qu + - 
Note that by (A3) one has Ui = for some i G {2, 3, . . . , a + 2}. If u 2 = 
then g 22 = — 1 or q , i 2 g 2 ig 22 = 1 and hence this case is already covered by the 
previous subsections. 

If a = 1 then w 3 has to be zero as well. This gives q 2 1 = —1 or q^—q^ + 1 = 
0. However q\ x = — 1 yields ^l) = 1 which is a contradiction to (A5). If 
gn G i?i8 then £>(V) appears in Theorem E^5. 4). 

For a = 2 one obtains 



di,o = quQntt) 2 i(l - gri 1 ) 7^ by (A8), 

di,i = QuQiiil " ?ii)(l + 9ii)(<Zii + Q 7 u ~ Qn - Qu ~ Qu + Qn + !)• 



Further, u 2 7^ implies that 1 7^ = —qfi and (A5) and Z3 7^ yield 

p 2 7^ —1. Therefore from Corollary ^] we obtain that zi j2 = if and only if 
qn G -R30. In this case B(V) appears in Theorem |5f 5.5). Otherwise Lemma 
ITBI gives that has to be zero. Therefore 




x 
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If q n = 1 then g 2 2 — — 1- This case was considered in Subsection l5.21 Further, 
as mentioned above u 2 7^ implies q\ x ^ — 1. 

Recall that u 2 ^ 0, 113 = yields (gj x — l)(3)_ 9 s = and m 3 7^ 0, U4 = 
implies that (gjf + l)(l + g^) = 0. Further, we assumed that qn ^ R 30 . Thus 
Equations (zi,ti) = and m 4 = lead to a contradiction. 

Let a > 3. Then 

(il , m2 ) = -fcW( 1 + ^ (1 _ g ; n(1 _^- 1)23 , 
Thus Equation w 2 = gives a contradiction to (A8). 

5.4 In the fourth case we suppose that q^ 2 = 1 and q 22 = gn^is^i) -0 - By 
(A8) it can be assumed that qu G R a +2- Further, the case (qi 2 q 2 i ) a+2 = 1 
can be excluded as well. Indeed, if (qi 2 q 2 i) a+2 = 1 then qnq\ 2 q 2 \ = 1 for 
some i G N , i < a + 1. But z a+ i 7^ implies that i < a + 1 is not possible 
and the case i = a + 1 was already considered in Subsections I5.1H5.3I 

If a = 1 then q u G i? 3 , q\ 2 q 2 \q 22 = 1, and (gi2<?2i) 3 7^ 1, and B(V) appears 
in Theorem 0^2.3). 

For a > 2 one gets 

7i — ; — r = — 1 7 „-6. - — (?ii + ^(fe + ^(^^-iWi^- 

Assume that a = 2. Then g 2 x = —1, g 2 2 = <?ii(<?i2<?2i)~ 2 , and W\ = 0. Further, 
by (A3) U4 has to be zero. If u 2 = then (g 2 2 + I)(<7i2g2i<?22 — 1) = 0. If 
Q12Q21Q22 = 1 then gn = ^12^21 which was excluded. If g 2 2 = _ 1 then 
<?i2<?2i G Rg, qn = (<?i2<72i)~ 2 , and B(V) appears in Theorem |5f4. 5). 

If a = 2, u 2 7^ 0, and w 3 = then {q\ 2 q 2 \q 22 — l)(3) g22 = 0. Since 
(<?i2<?2i) 4 7^ 1 there are two possibilities: 

• <?22 G R 12 , q u = q 22 , q\ 2 q 2 \ = q 22 Then x( z i,Zi) = <?22 4 and d lfi = 
q 2 i(l — q 22 ) which is a contradiction to (A6). 

• <?i2<?2i e i?24, <?n = (<?i2<?2i)~ 6 , ^22 = (<?i2<?2i)~ 8 - Then B(V) appears in 
Theorem |^5.3). 
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If a = 2, u 3 7^ 0, and w 4 = then (g| 2 + I)(gi292i922 — 1) = 0. Again there 
are two possibilities: 

• 9n = Q22 = - 1 - Tli en g 2 2 = gii(gi2g2i) -2 implies (gi 2 g2i) 4 = 1- This is 
a contradiction to the assumption at the beginning of this subsection. 

• <?22 = — 1; 912921 = q.22 1 9n = Q.22 ■ The change of the role of x\ and X2 
leads to an algebra which was already considered in Subsection 15.31 

Suppose that a > 3. Then we must have (z a _ 2 , u> a -i) = by (A7). 
If gi2Q , 2i = qli then (gi292i) a+2 = 1 which was excluded. Further, (A8) 
gives q\ x 7^ 1. Thus one obtains <?ii 8 (<2 , i2'2 , 2i) 2 — 9ii 4 9i292i + 1 = and hence 
9h 2 9i29li — — 1- Then Equation 

= T" r = 1, -13 2 2 3 -g- 1 5 g" 1 Wll 912921 ~ 1^-1 

(z a -3,*a-3> 1 + 9ll QMIi " " 

together with (512921 ) a+2 7^ 1 and 9n 12 9 2 2 92i = — (912921 ) _1 implies that 
(3)-« 1 i(5) ffll (912921 + 1) = 0. 

If (3)_ gil = then = —1. Since gn G -R a+ 2 one gets a = 4. On the 
other hand, (gn 4 9i292i) 3 = — 1 implies (912921) 3 = — 1 which contradicts the 
assumption (gi292i) a+2 7^ 1- 

If 912921 = -1 then (3)_ 3 -4 ?12321 = implies that q n G R 3 U i? 6 U i?i 2 . 
Since a > 3 this is again a contradiction to (912921 ) a+2 7^ 1- 

In the remaining case one has a = 3, (5) gu = 0, and —911912921 £ -^3- 
This is equivalent to ^12921 G -R30, 911 = (912921) ~ 6 , which then yields that 
^22 = — 1- This example appears in Theorem E^4. 8). 

5.5 In this subsection assume that q u G R a+ 2 and g 2 2 = (912921) 1_a 
where a G N. Further, as in Subsection 15.41 one can exclude the case 
(9i292i) a+2 = 1- One has p a+1 = -9n(9i292i) -2 , 

X(Za-l, Za-l) = - 9n, X(z a , = - 9l2, X^a, ^a+l) = - 9li 4 9l2921> 

X(z a -i, z a ) = - 921, X(z a , z a ) = - 9n 2 9i292i, x(z a +i, z a ) = - 9n 4 9 2 2 92i- 
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4-1,0 =?21 1 ( 3 )<7ii(d 2 9l2g21 - 1), 

4,0 =9ii9 2 i 1 (9 3 i (912921)^ + i)(d 5 (gi2<?2i) 2 - !)> 

d a ,i = - gng 2 i 1 (d 10 (9i2g2i) 4 - gri 5 (gi2g2i) 2 + i)(i - 9n (912921 )~ 3 ), 

%, t a ) _q^q^q 2l \{q l2 q^ + rill {qi2q21 _ q l Mqi2q21 f + q H) Za ^ 



(z a ,z a ) 1 + g n 5 (gi2<?2i) 2 

Suppose that a = 1. Then q n G -R3 and g 22 = — 1- Consider the equation 
di ; o = 0. The case gi 2 g 2 i = — 1 was part of the previous subsection. On 
the other hand, if (gi 2 g 2 i) 2 = 9n then B(V) appears in Theorem 0(3.2) . 
Otherwise d lfi ^ and (2) P2 ^ 0. Since g 2 i(gi 2 g 2 i) 4 - 9ii(9i292i) 2 + 1 = 
((<?i2<?2i) 2 + l)(9ii(9i2?2i) 2 + 1) there are three possibilities for d\ t \ = 0. First 
if 9i2?2i = _1 tnen set <?o := 9li9i292i- One gets (3)_ g2 = 0, g n = q£, 
Q'i2Q , 2i = — t/o, 922 = — 1- This example appears in Theorem 0(3.3). Next 
if (<?i2<?2i) 2 = — 9ii then gi 2 g2i € -R12 and g 2 2 = — 1- In this case B(V) 
appears in Theorem 0(3.4) . Finally, if qn = (<?i2<?2i)~ 3 then 912921 £ R9, 
922 = — 1) and B(V) appears in Theorem 0(3. 5). If nothing of these equations 
is true then by Corollary IT2*1 2:^ 7^ and hence (5i,ti) has to vanish. Since 
(912921) 3 7^ 1 one has 912921 7^ 9n- Since x( z ii z i) 7^ 1 by (A5) one obtains 
9n9i292i 7^ — 1- Therefore there are two remaining cases. If (3)_( 3l2321 )4 = 
and gn = — (912921) 4 then $(V) appears in Theorem 0(3.6). On the other 
hand, if 912921 G R30 and gn = — (912921) 5 then B(V) appears in Theorem 
0(3.7). 

If a = 2 then g 2 x = —1 and g 22 = (gi292i) _1 - Lemma ITU1 implies that 
(3)_ 9l2(?21 = or (^2,1^1,52) = 0. One computes 



di, d 2fi (z 2 , z 2 )(z 3 , z z ) 2 q 12 q 2 ii?>) q -i q -2 q -2 
-i\fi , „-i„-^ 



(! + 9n )(1 + 9i2 92i )(3) <7 -i„-i(l - 9n9i292i) 



'112 121 

Since (912921) 4 7^ 1 one has g?i,o 7^ 0. Relations d 2i o = and (912921) 4 7^ 
1 imply that (912921) 4 = — 1, 9n = (9i292i) 2 - In this case B(V) appears 
in Theorem 0(2.5). If (3)^-1^-2^-2 = then g i2 g 2 i G R 24 , 9n = (912921) 6 , 
and B(V) appears in Theorem 0(2.6). On the other hand, if (3)_ 9l2921 = 
then set q := q u q 12 q 21 . Now one has q u = gg, gi 2 g 2 i = -g£, (3)_ ? 2 = 0, 



28 



^2,0 = -?2i 1 9o(l + g ) 2 , d 2 ,i = -2q 2 ^q (3) qo , (2) P3 = 1 + g , and (5 2 ,t 2 ) = 
{z 2 , z 2 )(l - q 1 )~ 1 q 2 ±q (l + <? 2 ) 2 (1 + qo)^ 2 , 2 - Then Corollary H2] and Lemma 
IT31 give a contradiction to (AO). 
Suppose now that a > 3. Then 

(iq-2,Wa-l) _ / - 2 , ^ gll^l^ 1 -9ri 5 gl292l)(l -9n 2 gi292l) 

-77 - r - I9n + 1; - — i z a . 

\Za-2, Za-2) 1 — §n 

By (A8) and (qi 2 q 2 i) a+2 ^ 1 this implies that (z a _ 2 , io n -i) 7^ which is a 
contradiction to (A7). 



5.6 Finally we have to consider Nichols algebras where qn £ R a +2, <?22 = 
— Qix(<li2q2i)~ a ~ 1 , and (gi2?2i) a+2 7^ 1 (cf. Subsect. l5~lj) . One has 

, v (1 + gri 1 (g!2g2l)- a )(l - gll(gl2g2l) a+1 )(l - (gi2g2l) 1 - a ) 
\V2, Wl) = TT, 1 rz^ Z 2- 

92i C 1 - (9i2g 2 i) a ) 

If a = 1 then by assumption (A3) one has u 3 = 0. Equation u 2 = is 
equivalent to (g 2 2 + l)(l-<?i2<?2i<?22) = 0. The cases g 22 = -1 and q\ 2 q 2 \q 22 = 1 
were considered in Subsection 15.51 and 15 A\ respectively. Moreover, w 3 = 0, 
u 2 7^ imply that (3) g22 (l— quq2iq 22 ) = 0. The algebra B(V) with q\ 2 q 2 \q\ 2 = 
1 was already considered in Subsection 15.31 (exchange the generators X\ and 
x 2 ). If (3) g22 = then either q u = q^ 2 or g n = q 22 . In the first case one 
has g := 9ngi292i, 9o £ i?i 2 , gn = g^ 922 = -go- Otherwise (3)_ (gi2<?21 )2 = 
and qn = q 2 2 = — (gi2g2i) 2 - These examples appear in Theorem 5.1) and 
Theorem |3^5.2), respectively. 

If a > 2 then we must have wi = w 2 = by (A7). For (gi2g2i) a = qi2Q2i, 
(qnq2i) a = -qn, and (gi 2 g2i) a = gn(gi2g2i)~ 1 one computes 

(zi , w 2 ) -q 21 2 (l + g^ 2 ) x , luj. . n _ 

: Zi 9ll 1912921 — 1 J 1^11^12^21 — J-J^3, 

1 - a, , 



(*i>*i) l-9ii 

(zi,w 2 ) g2"i 2 (gn 3 (9i2g2i 



(*i)*i) l + 5n (912921 

(21, w 2 ) -g 2 "i 2 (l + gri 3 (gi 2 g2i) -2 



(£1,21) l + 9n (912921 



.1,,, -j 9n 1 (2) f , n i(2) gi - 2 (3)_ g 2 igm2l z 3 , 

9n (1 - 9n9i292i)(3) 

—911912921 
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respectively. Let a = 2. Then wi = 0, q\ x = —1, and {qi 2 q 2 iY 7^ 1 imply that 
<?n(<?i2<?2i) 2 = -1 or q n = -(gi 2 g2i) 3 - In the first case one has (<?i 2 g 2 i) 4 = -1, 
<?n — (<?i2<?2i) 2 , ?22 = (gi2g2i) _1 which was already considered in Subsection 
15.51 In the second case one has (3)„( gi2g21 )2 = 0, qn = (qi 2 q 2 i)~ 3 , <?22 = — 1- 
Then B(V) appears in Theorem |5f4.6). 

Assume that a > 3. Then (A8), (gi2?2i) a+2 7^ 1, and W\ = w 2 = imply 
that either Equations (<?i 2 g 2 i) a = -Qn, (3)-g3 l3l2g21 = or gn(gi 2 g 2 i) a+1 = 1, 
<7ii(<7i2<?2i) 2 = -1 or gn(gi 2 g2i) a+1 = 1, (3)- 3ll3l2321 = hold. Elementary 
computations show that in the first case there exist precisely two solutions 
satisfying the assumptions at the beginning of this subsection. If a = 3, 
q 12 q 2 i G #30, Qn = -(<?i2<?2i)~ 3 , and q 22 = (fe^i)" 1 then B(V) appears 
in Theorem |^2.7). Otherwise a = 13, qi 2 q 2 i G -R30, qn = (<7i2<?2i) 2 , and 
<?22 = (gra^i) -1 - In this case x(z 9 ,z 9 ) = -{qi 2 q 2 if and d 9j0 = 2g 21 1 /(l - 
q±2 <h\ ) 7^ which is a contradiction to (A6). 

In the second case, i.e. if qii(q\ 2 q 2 i) a+l = 1 and q\i(qi 2 q 2 \) 2 = — 1, (A8) 
and (qi 2 q 2 i) a+2 7^ 1 imply that a = 3, gi 2 g 2 i G -R20, ?n = (<?i2<?2i)~ 4 , and 
g 22 — — 1- Then B(V) appears in Theorem |3(4. 7). 

Finally, Equations qn(qi 2 q 2 i) a+1 = 1, (3)- giigi2521 = have to be con- 
sidered. One gets g 3 i(gi 2 g 2 i) 3ct+3 = 1 and (gi 2 g 2 i) 3(a+2) = (— 1)°- Hence 
g 3 1 (gi 2 g 2 i) -3 = (— l) a and together with (3)_ 911912g21 = one obtains q u = 
(— l) a+1 . By (A8) this gives a = 10 and hence (3)_( gi2g21 )io = 0. Together 
with 1 = g n a ~ 2 = (<?i2<?2i) (a+1)(a+2) = (gi2?2i) 132 this implies that qi 2 q 2 i is a 
12 th root of unity. The latter is a contradiction to (qi 2 q 2 i) a+2 7^ 1. 

Now all possible settings for the structure constants qij, i,j G {1,2}, are 
investigated. Thus the proof of Theorem |3] is finished. 
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